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. Abstract
Hydrodynamic effects a r e analyzed for a stepped piston moving within a tight-clearance ti filled with an incompressible fluid. Together with the hydrostatic effects that were analy in an earlier paper, a complete solution is obtained and an optimum step design for cente of the piston is suggested. The axial speed resulting from an axial driving force is calcu and some experimental results for pistons falling in a water-filled tube a r e presented.
INTRODUCTION
The operation of hydraulic equipment often involves the sliding of a piston within a cylindrical bore. Among the applications a r e hydraulic valves, pumps, and actuators (refs. 1 to 3); viscometers and timing devices (refs. 4 and 5); and hydrostatic extruders (ref. 6 ). past the piston. It can be shown that the minimum leakage occurs when the piston is concentric within its conduit and that the leakage past the piston increases as the second power of the eccentricity. For a fully eccentric, plain cylindrical piston the leakage is 22 times that when the piston is concentric (ref. 4) . Hence, to control the leakage, one has to control the eccentricity. to be minimized as well.
these methods were analyzed or tested only with a stationary piston. the assumption that the hydrodynamic effects due to the axial motion are negligible as An important factor in all these applications is the r a t e of fluid leakage 1 For the leakage to be minimized, the eccentricity has Some methods have been suggested to reduce the eccentricity (refs. 7 compared with the hydrostatic effects due to the pressure difference across the piston.
Zn reference 9 a stationary stepped piston is analyzed and an optimum step configuration that minimizes the ratio of leakage to centering force is found. It is the objective of this work to confirm experimentally the analysis of reference 9 and to find analytically the importance of hydrodynamic effects.
HYDRODYNAMIC EFFECTS
Step P r e s s u r e A stepped cylindrical piston in a cylindrical tube of the type being considered is shown in figure 1 . The tube is filled with a fluid, and the piston moves with a velocity U relative to the stationary tube. The leading edge of the piston has the smaller diameter s o that the hydrodynamic pressure buildup around the piston produces a centering force (ref. 10). Based on this centering effect and the assumption that any other radial load acting on the piston is small enough to cause only s m a l l eccentricity, the problem can be treated as a one-dimensional case. Thus, the governing equation for a nontilted piston, where dh/dx = 0, is with the following boundary conditions (for the hydrodynamic effects):
(All symbols a r e defined in appendix A. ) linear, as shown in figure 2 where the hydrodynamic pressure on the step (p ) function of e. and the tube moves relative to the piston.
Since the film thickness is independent of x, the axial pressure variation must be is a ' h To simplify the calculation, the coordinate system is fixed at the piston From the continuity of flow at the step the following can be written:
This equation can be rewritten as
and If the analysis is restricted to small eccentricity ratios E , the following approximate expressions can be written: 
)
Substituting equations (7) and (8) into equation (2) 
(13)
For Q! > 1, this is valid for any E z 1/3. Assuming yh < 1 and using reference 11 for the evaluation of the pressure integral give
The centering force diminishes to zero as the piston approaches the concentric poTherefore, it is in that region of small eccentricity where one would like to sition. maximize the centering force. the following approximation can be written:
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If E is very small, it can be assumed that yh << 1 and
By making use of equations (15) and (12), equation (14) can be written as where
Flow RaLe
The flow rate past the piston shown in figure 1 can be expressed as By making use u i equation (7) 
The friction force acting on the plug is
The shear stress T in equation (21) can be written as 
The Optimum Step
One of the main objects in piston design is to maintain the eccentricity as low as possible, thus minimizing the leakage past the piston and also diminishing the possibility of hydraulic lock (ref. 1). Minimum eccentricity can be achieved by selecting the parameters Q and p s o as to maximize the nondimensional centering force qh.
In figure 3 the nondimensional centering force wh is plotted against the step length parameter p for various step heights. An interesting result is the existence of a maximum for % at CY = 1.6 and p = 0.26. This is different from the hydrostatic case of reference 9, where the centering force increases monotonically with the increase of CY. However, the present optimum step configuration resembles the one described in ref- ratio between the nondimensional leakage and the centering force. An optimum step was found that minimized this parameter. The same procedure can be used for a moving piston. Thus, we shall look for a minimum of a parameter E given by In reference 9 a design parameter for a stationary stepped piston is defined as the The values of CY and p that minimize the parameter E will serve as the optimum sign criteria. Figure 4 presents the variation of the design parameter E with respect to step height CY and location p. The most interesting result is that a large margin exists an optimum design, ranging from an Q of 1 . 3 to 1.7 and a p of 0 . 3 to 0.4; anywhere in this range, E is within 7 percent of the absolute minimum. This is the same range as in the hydrostatic case of reference 9. Hence, the s a m e step configuration is beneficial for both the hydrostatic and hydrodynamic effects.
ELAPSED TIME OF MOVING PISTON For a piston moving at a constant velocity in a tube filled with fluid, the axial driving force T is balanced by the friction force and the force due to the pressure differ- r o r involved in neglecting the hydrodynamic effects depends on Cm/R. tical applications, the value of Cm/R is less than hydrodynamic effects.
pressure difference across the moving piston becomes very small, and the hydrostatic effects are less significant. Such a situation occurs for instance in gun recoil bearings (ref. 13), where in spite of low radial clearance the hydrodynamic effects are more important than the hydrostatic effects.
For the piston falling in a tube, as described in the following sections, all the terms containing Cm/R in equation (31) Three of the pistons used in the tests are shown in figure 6. All the pistons were made of 17-4 *PH stainless steel and hardened. The diameters of the pistons were machined within *O. 0025 centimeter. Table I gives the dimensions of the pistons tested. The dimensions given in the table a r e shown physically in figure 1. responds to piston 7, figure 6(b) corresponds to piston 2, and figure 6(c) corresponds to piston 3. Table I1 shows the test results and how well these results agree with the theory. In this table a! is defined by equation (5), p is defined by equation (10) . and is deg fined by equation (B7). The theoretical elapsed time t it took the piston to f a l l 50. In reference 4 it is noted that some of the plain cylindrical pistons wobbled as they fell down the tube. The same phenomenon was observed with piston 8 of the present s e t (an unstepped piston). The wobble was not apparent with unstepped piston 7, which had a clearance ratio C/R of 0.0179 as compared with 0.0264 for piston 8 . No wobbling occurred with any of the stepped pistons even at the large clearance ratios. This suggests a stabilizing effect of the step, as was observed in reference 4. For the stepped pistons, with the exception of piston 2, the agreement between theory and experiment was good, the deviation being 13 percent or less. The result for the nonwobbling, plain cylindrical piston also agrees with the theory.
TEST RESULTS
* rl
CONCLUDING REMARKS
Hydrodynamic effects were analyzed for a stepped piston moving within a tightclearance tube filled with an incompressible fluid. Centering force, center of pressure, flow rate, and friction force were derived analytically. These results, together with the hydrostatic effects that were analyzed in an earlier paper constitute a complete solution of the moving stepped piston and allow an optimum step design for centering of the piston to be calculated. The elapsed time of the moving piston resulting from an axial driving force was calculated. Experimental results for pistons falling in a water-filled tube were presented. The agreement between theory and experiments was good. 1 1 1 1.11. -, mm. m, , , 1.11,.
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